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We give a geometric interpretation of the entropy of the supertubes with fixed con- 
served charges and angular momenta in two different approaches using the DBI action 
and the supermembrane theory. By counting the geometrically allowed microstates, 
it is shown that both the methods give consistent result on the entropy. In doing so, 
we make the connection to the gravity microstates clear. 



1 Introduction 



Supertubes are tubular shaped bound states of DO-branes, fundamental strings (Fl) and D2- 
branes [T]-|30|. While having translational invariance in the axial direction along which the Fl 
strings are stretched, the cross sectional shape of the supertubes may be arbitrary in the eight 
transverse dimensions. As shown in Ref. the cross sectional shape could be either open and 
stretched to infinity or closed but here we would like to focus on the closed cases. 

Let us begin our discussion with the cases where the cross sectional curve lies in x 1 and 
x 2 plane. The supertube then carries an angular momentum density J = J\i proportional 
to the cross sectional area. For the fixed conserved charges, the moduli space of supertubes 
is consisting of the geometric fluctuations of the cross sectional shape [27]- Since the angular 
momentum is fixed, the fluctuation of the curve has to be area preserving. The length L of the 
cross sectional curve is further limited by VO0Q1 where Qq and Q\ denote lineal DO density 
in the axis direction and Fl charges divided by 2tt respectively. Thus one has the restriction 
of the length by y 7 J/T2 < L < y/QoQx/Th, where T2 is the D2-brane tension. This space of 
arbitrary fluctuation of the curve forms an infinite dimensional moduli space. For given curve, 
the magnetic field representing the density of DO may be arbitrary with total number of DO- 
branes fixed. Moreover the shape may fluctuate into the six more transverse directions. Hence 
eight arbitrary bosonic functional fluctuations are involved as the moduli deformation. Since 
the supertubes involve a nonvanishing electric field and linear momentum densities fixed by the 
shape of the curve, the above moduli space is not a configuration space but a phase space. 

The supertubes allow corresponding supergravity solutions jlj |§] of an arbitrary cross sec- 
tional shape and arbitrary density of DO-brane as a function of the world- volume coordinate 4> 
of the curve direction. Therefore the solution involves the same number of arbitrary functions 
of bosonic degrees. The geometry is nonsingular everywhere as argued in Ref. [3^ in the U-dual 
picture. The solution does not have a horizon either. The recently emerging picture is that such 
a regular, no-horizon solution corresponds to distinguishable gravity microstates represented by 
supergravity fields [22]. When all the conserved charges and certain asymptotic conditions on 
the geometries are fixed, the logarithm of the number of above microstates is the entropy of the 
gravity system with certain macroscopic parameters fixed. In case of supergravity supertubes, 
we are interested in all the supersymmetric solutions with fixed energy, DO and Fl charges and 
the angular momenta. The system may have many components of angular momenta of 50(8) 
since the system involves eight transverse dimensions. We fix here the four independent Cartan 
elements of 50(8). 

This solution space with all the macroscopic conserved quantities fixed, forms a moduli space 
of the supergravity supertubes. As we see in the case of DBI description of supertubes, this 
space must be a phase space instead of a configuration space. Since the phase moduli space 
involves arbitrary functions, it is an infinite dimensional space. Hence its volume divided by 
(27r/i) dim is either zero or infinity. Consequently it requires at least a regularization procedure. 
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By quantization, the above problem may be avoided but this will not be that simple since a 
direct quantization of gravity is not well defined as we know very well. 

But the two sides of the system has a striking similarity in its geometric nature within the 
moduli space. Namely the bosonic sector in each side may be visualized as a geometric shape. 
The cross sectional shape of the DBI description has a gravity counterpart of the supertube 
shape. The moduli space of a supertube consists of the shape fluctuations and again each has 
its own counterpart in the supergravity side. 

In fact, there is a regime where both descriptions may have their validity. Note that the 
radius squared of the circular supertubes is given by 

tf = 2irg a P e N N 1 %L, (1) 

where Nq = L z Qq and i\q = 2ivQ\ are the numbers of DO and Fl and L z is the size of the 
compactified circle along which the axis direction of the supertube is wrapped. This is a new 
length scale introduced by supertubes and this estimation of the supertube size is valid unless 
JL z /(QoQi) <C 1. The cross sectional area is quantized, which is related to the quantization of 
the angular momentum. Considering the case where 7 = L z /(2n£ s ) is of order one, the validity 
of supergravity description requires that 

g s N m » 1 , (2) 

by R » 4- 

Since the energy of the supertubes are given by 

the Schwarzschild radius Rs = (Mg 2 fi s / 'L z )e is 

Rs = 4 [(9s N x + iVo/7) 9s/2n] 5 . (4) 

Thus, for g s N0N1 S> 1, R S> Rs, which may explain the regularity of the supertube solutions. 

On the other hand, the DBI description has its validity in the decoupling limit of 4 — > 
and g s — > 0. Thus the overlapping region of the validity is given by the open-string decoupling 
limit, 

4^0, g s -» , (5) 

while keeping the combination g s NoNi large. Thus we have here the gravity and the supertube 
field theory correspondence in the overlapping regime of the validity. The decoupled field theory 
is the world-volume field theory of supertubes. In this limit, the field theory obtained by 
expanding DBI theory around the circular supertube background is eventually described by a 
peculiar 2+1 dimensional (noncommutative) Yang- Mills theory in the decoupling limit where 
4—^0, which is equivalent to the matrix theory in a circular supertube background [2*| IHj HI]. 
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In this note, we would like to count the entropy of the geometries using the gravity/field 
theory correspondence and the structure of the phase moduli obtained in Ref. j^Tj. We shall 
be using basically the DBI action to count the degeneracy the states. This problem is in some 
sense already treated in Ref. , but the perspective and the emphasis on the geometric nature 
are the main differences. 

We would like to first make it clear that we are basically counting the geometric fluctuations 
in the sense that, even in the field theory, we are counting the freedom of the shape fluctuation 
including other accompanying bosonic and fermionic degrees. This simpler version of the account 
of entropy using the shape fluctuation is presented first. The full derivation of the entropy in the 
decoupling limit is done via two different methods. One is the description of DBI action. Here 
we identify the infinite dimensional fermionic moduli space and count the entropy including all 
the fermionic fluctuations. In this case we use the near circular condition q = (QoQi — J)/ J -C 1 
to simplify the calculation. The others are via the M-theory description of the M2-brane. In 
this M2 brane picture, we find that the near circular condition is not necessary for the counting. 

As stated earlier, the quantization is necessary to get the correct expression and in this sense 
the decoupling limit is essential. At the end of the day, the decoupled theory in the same limit 
should lead to a unique theory in any paths. 

The paper is organized as follows. In Sections 2 and 3, we review the phase moduli space 
of supertubes and count the cross sectional shape fluctuations. In Section 4, we explain the 
fermionic part of the moduli space using DBI description and count the full degeneracy in the 
near circular limit. In Sections 5, we count again the entropy using the M-theory. Section 6 is 
devoted to conclusions. 

2 BPS Equations and Conserved Charges for a Closed Super- 
tube 

A tubular D2-brane with electric and magnetic fluxes on the world-volume becomes a closed 
supertube if it satisfies suitable BPS conditions. We first review these BPS equations and 
conserved charges for a closed supertube. This also serves to establish our notations. 

The tubular D2-brane is embedded in the 10-dimensional flat space-time, and the world- 
volume is parametrized by (i, eft, z). The pullback metric and the field strength on the D2-brane 
is written as 

ds 2 ph = -(1 - \S\ 2 )dt 2 + |f'| 2 # 2 + 2S ■ x'dtdcj) + dz 2 , (6) 
F = Edt Adz + Bdz A d(j). 

Here x = (x 1 , • • • ,x 8 ), x = || and x' = The cross section of the D2-brane is expressed 
as an arbitrary loop in IR 8 . The angle eft (—it < <p < tt) represents the direction along the loop 
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and z lies in the transverse direction. Thus we are considering only the configurations with the 
translational invariance in the z direction. 

The bosonic part of the D2-brane DBI action is evaluated as 

S = -T 2 J dtd^dz^ (1 - |f| 2 )(|f'| 2 + \ 2 B 2 ) - X 2 E 2 \x'\ 2 + (f • x') 2 - 2X 2 EB'x ■ x', (7) 

where a D2-brane tension T 2 and A are written as T 2 = ^F^Wg anc ^ ^ = ^^s' res P ec tively, in 
terms of the string length £ s and coupling g s . Canonical momenta pi and II conjugate to x % and 
A z are written as 

Pi = -^-{xi{\$'\ 2 + \ 2 B 2 ) - (x--x')xi' + X 2 EB Xi '}, 
U = -^-{X 2 E\x'\ 2 + X 2 Ba;-x'}, (8) 
where C is the Lagrangian density. The Hamiltonian density is given by 



U - \jT 2 \x'\ 2 + T 2 X 2 B 2 + \p\ 2 + ^ 



2 U 2 B 2 



>TU + T ^-, (9) 

where T = i is the tension of the fundamental string and Tn = is the mass of a DO-brane. 
It can be verified that the third term in the square root in the second line is non-negative and 
vanishes when x oc x' , which is equivalent to x = by suitable reparametrization of eft. Thus 
the Hamiltonian density is bounded from below by the mass density of fundamental strings and 
DO-branes, which precisely matches with the energy of the supertube. The equality in © is 
saturated when 

UB = T 2 \x'\ 2 = T 2 ^y, f = 0, (10) 

where ds 2 = dx ■ dx is the line element of M 8 . These are the BPS conditions which must be 
satisfied by all supertubes. 

The closed supertube carries two charges, which corresponds to those of fundamental strings 
and DO-branes, and angular momenta. Defining 

i r i r 

Qi = — d<f> II, Q = — / dc/)B, (11) 



2vr 7_ 7r 2tt _ 

we find that 2ttQi G Z is the number of fundamental strings dissolved in the D2-brane, and 
QqL z £ Z is that of DO-branes. The angular momenta are given as 

L ij = -L f d(j) (xV - xV) = — / dx i A (12) 



2vr /__ ' 7T 
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where i,j = 1, • • • ,8. With the aid of the BPS equations ()1UI) . the canonical momenta are 
expressed as p % = T 2 x r ' . The last equality in (|12|) is obtained by using this relation. Thus, 
when we fix the angular momenta, the area made by projecting the loop of the supertube onto 
(i,j)-plane should be preserved during the deformation in the flat directions. 

The flat directions of supertubes of general shape with fixed fundamental string charge Qi, 
DO-brane charge Qq and angular momentum J are of our interest. They make the moduli space 
of the supertubes and are related to the number of gravity microstates. It was shown |27| that 
the perimeter 2ttL of the supertubes is restricted by 

\PJT~2 <L< VQ0Q1/T2. (13) 

The number of microstates allowed by this bound is the problem we are going to discuss in this 
paper. 



3 A First Look on the Microstates of Supertubes 

In order to get the idea how to count the microstates of the supertubes, let us first discuss the 
bosonic fluctuations e(4>), a(4>) and b{4>) around the circular background, 

C = xi + ix 2 = 22(1 + e)e^, U = Q 1 (l + a), B = Q (l + b) (14) 

where e, a and b are real. We consider the landscape of vacua having Q0Q1 > T 2 R 2 with the 
area A = ttR 2 fixed. Introducing q defined by 

Q0Q1 =T 2 R 2 (l+q), (15) 

we focus on the case of q <C 1. The fluctuation can be expanded as 1 

6(0) = ^ e n e m t a(0) = £ a n e m \ b(ct>) = £ b n e in t (16) 
nez neZ raeZ 

Here we should impose reality conditions 6_ n — £«, o_ n — oJt and b— n — bn. 
The area given by 

2- 



A = \ f T M(d(t-(td() (17) 







is evaluated as 



^ = vr22 2 l + 2e + V|e«| 2 • (18) 



1 As we shall see later on, a and b axe mixed with the e fluctuation. But for simplicity, we ignore this complication 
here. See also Ref. |27) for the detailed classical description of this mixing. 
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The conservation of the angular momentum implies that 

2e = -^|e n | 2 . (19) 

The length 2irL of the curve 

2itL = I" \d(\ = R #v/(l + e) 2 + (e') 2 
io Jo 

may be expanded as 
2ttL = R 



(20) 



The condition (|19|) may be used to eliminate eo from (|21j) and we get 



2vrL = 2itR I 1 + ^(n 2 - 1) |e n | 2 + • • • ] 

V n>l / 



(21) 



(22) 



Here e n for n > are our phase space variables and eo is constrained by the condition (|19|) . We 
are not interested in the translational mode e±. 
Since from (|13jl 

R < L < VQoQi/T 2 , (23) 

we get, using (|T5|) . a constraint 

E^ 2 " 1 )!^! 2 ^ 9/ 2 - ( 24 ) 

n>l 

To compute the number of states in the volume ()24|) . let us find out the canonical variables 
in the phase space. First we define the coordinate corresponding to the radius as r(= R(l + e)) 
which is real. From the action 0, we obtain the conjugate momentum 

p r (4>) = T 2 r' , (25) 

where use has been made of the fact that E = 1/A for the BPS states of our concern here 
and C = —T2XB. The relation (|25|) is a second class constraint and we should make Dirac 
quantization. After this procedure, one finds 

[r(0),T 2 r'(^)] = i*(0-^-^)- (26) 
For the zero mode in the z direction, the above implies that 

[el,e n ] = 47rT2R 2 Lzn 6 mn, (27) 
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where L z is the length of the supertube in the z direction. Thus c n defined by 

-?= 4 = e n , (28) 
\Jn 

with a 2 = l/(4-7rT2-R 2 L 2 ) satisfies the commutation relation 

\c-mt C n ] — <5mn • (29) 

In terms of these variables, the constraint Q24[) becomes 

oo 

E („-I)K| 2 <^. (30) 

n=2 

Quantum mechanically, this condition is interpreted as 

OO j 



n7 " - 2a 2 

n=2 

where the number operator N n is defined by c n c n . 

Our task is now to evaluate the number of states restricted by (|31|) . For large n, the — in 
the bracket may be ignored, and the problem reduces to the well-known case of counting string 
states. It is given by 

y = ^L 7r V / K (32) 
To get this, let us consider the following quantity 33 

oo 1 

G(w) = £ d nW ^ = ee [/(u;)]- 1 . (33) 

n=0 lln=lV A W ^ 

This is related to the Dedekind eta function 

oo 

r?(r ) = giTrr/12 JJ (1 _ e 2 ™-), (34) 
n=l 

which has the modular transformation formula 

\l/2 



T,(-l/r) = (-irY'^{r). (35) 
Applied to /(w), this gives the Hardy- Ramanuj an formula 

fW=(^) 1/2 w- 1 ' 2 w^f(w% (36) 

where 

w = e 2n2/logw . (37) 



8 



One can then deduce the asymptotic formula for w — ► 1 (or w — > 0) 

/M~f^) 1/2 exp(-f^). (38) 
\log u; / \b log to / 

The degeneracy is obtained by 

J w n+1 2m y ' 

Using the asymptotic expansion of f(w), this can be estimated for large n by a saddle point 
evaluation. G(w) grows rapidly for w — ► 1, while if n is very large, w n+l is very small for w < 1. 
There is a sharp saddle point for if near 1. The integrand (for the integration variable log it;) 

ex P (~^T nlogw) , (40) 

\ b log w J 

is stationary for logw ~ —7r/y/6n. Evaluating ()39j) around this saddle point, we get |34| 

^ik*^' (41) 

in the large n. Integration of d n up to s gives V in l|32jl. 
Thus the entropy becomes 



S = In V = = Tr^/y L z (Q Q 1 - J) . (42) 

We note that this is the entropy from a single fluctuating boson around the supertube. In what 
follows we are going to extend this to supertubes with other modes. 



4 Supertube solutions in DBI action and entropy 

In this section we find exact BPS supertube solutions including fermion backgrounds using the 
DBI action of D2. The BPS solutions preserve | supersymmetry. One may identify 'fermionic 
flat directions' of the classical solutions. We then give the quantization rules for the flat modes 
and we count the contributions to the entropy from fermions as well as bosons. 

4.1 The solutions 

We start by summarizing the supersymmetric DBI theory for the D2 in the notations and 
conventions of 03 • This action has gauge invariances coming from worldvolume diffeomorphism 
and the local kappa symmetry. Since the full gauge invariant action is complicated, we start 
from the action with gauge fixed kappa symmetry: 

S = - J d 3 a^- det[g^ + - 2A 7/ AA + (XT M d^X)(XT m9 u X)], (43) 

where [i,v = t,cj), z are the worldvolume indices, M is the R 9+1 vector index, is the pullback 
of 10-dimensional flat metric onto the world- volume, 7 M = T m is the induced gamma matrix, 
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and A is the Majorana-Weyl fermion in the target space, where the Weyl condition is imposed 
by the gauge choice for the local kappa symmetry. We use the convention A = A^(— iT°). As 
in Section [3 one should also include an overall coefficient T%, the D2-brane tension, and also 
replace F by 2nl 2 s F. 

For later use, we summarize our gamma matrix conventions. The 50(9, 1) 32 x 32 T M is 
expressed in terms of 50(1, 1)2x2 gamma matrices and 50(8) 16 x 16 gamma matrices as 
follows: 



(ia 2 ) <g> 1 



16; 



L 16; 



others a 3 <g) P (i = 1,2, ••• 



(44) 



P's are the SO (8) spinors in a suitable representation: We use the convention that the for- 
mer/latter 8 indices act on left/right chiral components, respectively. The last eight gamma 
matrices in (|44|) will be written as f = a 3 (g> T, where the vector lives in R 8 . The chirality 
operator is defined as 

rn = ToTx • • • r 8 T 2 = a 3 T 9 , (45) 

with the choice T 9 = diag(ls, — Is)- The Weyl condition on A is chosen to be TuA = +A. With 
our convention (|44l) and ()45j) . this chiral A is written as 



\(a) 



1 









+ 





x(<0 



(46) 



where ip,x are 8-component 50(8) spinors with T 9 eigenvalues ±1, respectively. 
Let us make the partial gauge fixing for the world-volume diffeomorphism 

T = t, Z = z, < < 2vr, x(t, 0, z) G R 8 , 



(47) 



i.e., we leave unspecified one scalar field in R 8 tangent to <fr direction. This is harmless as far as 
we do the classical analysis. 2 In this gauge, the action (|43|) is written as 



S = - j d 3 ay/- det , 



(48) 



where 



M 



- V»v + + d^x ■ d v x - 2X(% + f • d^x)d v X + {\T M d^\){\V M d v \) ■ (49) 



This is the final supersymmetric DBI action that we need. Note that, again due to the partial 
gauge fixing, -n u = rjzz = 1 but 77^ = 0; furthermore, % = T and 7 2 = T z but 7^ = 0. 

The solution we are looking for is independent of t and z, so we take x ((f)), F = E(<p)dt Adz + 
B(<p)dz A dcp and \(4>) and insert them into the equations of motion. In this process, we may set 
all t, z derivatives of x in the Lagrangian to zero, since terms containing these derivatives would 



not survive the equations of motion for x. We can then rewrite y 7 — det Ai^ u as 



x 



f/|2 



(1 - E 2 ) + B 2 + (1 - E 2 ){(XT M X') 2 — 2A(f • x')X'} + 2B{EXT X' - XT 2 X'} 



(50) 



2 However, when we consider quantization of near-circular supertubes, we should fix this extra gauge. There 
we will set this scalar equal to <j>. 
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where the prime denotes 4> derivative. Variation of this quantity in A, x and yields equations 
of motion. As we know that the supertube solution is obtained for E = 1, let us set E = 1 after 
variation in these fields, which simplifies the resulting equations drastically. 

The variation of the Lagrangian in <5A (with 5X since it is Majorana) gives (after setting 
E = l) 

5C = , : B ===== [8\(T - T 2 )A' + A(r - T Z )SX') , (51) 



+ 2B\(T - T z )\> 
and the equation of motion 

(r - r 2 )A' 



o. 



(52) 

One can easily check that the full equations of motion are solved by E = 1 and (|52jl for any 
functions B(cf>) and x(cj)). This is a simple generalization of the original supertube solution. 

With the representation (|44j). (|52j) becomes [cr 3 (g) lie] A' = A'. This means that the second 
term in Q46JI should be ^-independent: 



A(0) 



" 1 " 




" V#) " 


+ 


" " 




" " 




® 




® 














1 







(x : any constant spinor). 



(53) 



Note that the fermionic part contains arbitrary functions of 4>, an 8-component SO (8) spinor 
t/j((j>) with positive chirality. The bosonic part has one from B(4>) plus seven gauge-invariant 
components from x((j)). Below we shall show that x = for the \ supersymmetry. Hence the 
fermionic part of supertubes also involves eight arbitrary functions of moduli fluctuation, which 
is expected from the number of remaining supersymmetries. 



4.2 Supersymmetry 

We now check whether the above solution preserves \ supersymmetry. The 32 supersymmetry 
parameters e of type-IIA string theory are split into e± satisfying Tue± = ±e±, respectively. 
The supersymmetry transformations, combined with compensating kappa transformation and 
world- volume diffeomorphism to restore the gauge, are 

5\ = e+ + e_ 7 W + ^A, 

5x = (e+-e_7 { " ) )fA + ^d At f, (54) 
= (e_ 7 W-e + )(% + f -5 M f)A 

where ^ = (e_7^— e+)7^A (with fj, = t, z only in the superscript) and the 32 x 32 matrix 7^) 
in our case is (using E = 1 and (|52|) to simplify the expression) 

x' -f-f- (XT A') 



-(r r, + ru 



B 



TnTo . 



(55) 



Note that we have fixed the world- volume diffeomorphism only partially, i.e., T = t and Z = z, 
so in the above definition we have two gauge-keeping parameters and £ z but nothing like 
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Let us start from 5X. The last term is absent after inserting our solution, so we have 

f • (Af A') 



SX 



+ e_ 



1 



x'-T 



a 



B 



+ M 



(56) 



where we have used e~Tn = +e_, and for all Pauli matrices [ • (g> ljg] is implicit. Considering 
the chiralities of e±, we can write them in the following form: 



" 1 " 






+ 


" " 









' " 


<8> 


a_ 


+ 


" 1 " 


® 















1 




. 0+ . 




1 

















(57) 



In order for our solution to be supersymmetric, the first term in the curly bracket should vanish. 
This is true if /?_ = 0. The cancellation of the remaining second term oc (icr 2 ) with the e_ term 
requires a+ = a_ and /?+ = 0. Therefore we have -j of the e components preserved; /?+, /3_ and 
a + — a_ are broken. 

Let us now consider the remaining transformations for bosonic fields. Using the expression 
(|55j) and the conditions P±=0, a+ = a- = a, the scalar variation 5x reduces to 



Sx 



-2i 



a T 





X 



(58) 



One can see from the above variation that all the supersymmetry is broken if the constant mode 
X is non-zero. Therefore, as promised, we should set x = in order to have |-BPS deformation. 

In order to check the last transformation, we should specify the vector potential giving rise to 
the field strength F = dtf\dz + B((j))dz A d<j>. The simplest choice may be = tdz + B{<j))zd<t). 
For later use, let us also consider an alternative choice. To this end, we decompose the magnetic 
field as 



1 

2^ 



#5(0) , 6(0) = 5(0) -Bq= -a'(0), 



(59) 



where a(0) is a periodic function, due to the fact § dcj) 6(0) = 0. Then we can choose the 1-form 
potential as 

= {t + a((p)}dz + zBodcf) . (60) 

This form would be more convenient later, when we consider quantization. The two choices are 
related by a gauge transformation. 

After inserting our supertube solution with x = 0, and turning on a only, the supersymmetry 
transformation (|54|) for gauge field becomes 



(i) 



SAP 



5A 



(i) 



cU2itaV(0)}, 
0. 

fy{2itaty(0)} + 2ia t V#)5(0) 



(61) 



If the last term in the third line in (|61|) is absent, one can make a compensating gauge transforma- 
tion and have \ supersymmetry. The subtle term proportional to tp((p)B(4>) can be decomposed 



12 



into the '0-mode' piece plus the remainder as 

WttWrt ' iWW)}r = ^{4>)B{4>) - JB- (62) 

The 'remainder' piece {ip(4>)B((j))} r can be rewritten as dA • ], where we have a well-defined 
periodic function of (j) inside the square bracket. This can safely be compensated by a gauge 
transformation. The 0-mode piece can be written as d{2i^)a'ipBy, which is not a gauge trans- 
formation in general. To ensure supersymmetry, we require ipB = 0, which in turn implies that 
tjj 0-modes are expressed in terms of ip and B nonzero modes. 

4.3 Conserved charges 

The electric displacement n(cr) = §^ is obtained from Q5U|) and setting E = 1 after differentia- 
tion: 

1%) = _ Ar A' + 1 {(AT M A') 2 - 2A(f • af)X'} . (63) 

One may show that that all the higher-order terms in the curly bracket vanish for the supertube 
solution. The electric displacement reduces to 

n(a) = !^+#V, (64) 

for the supertubes. 

The linear momentum density conjugate to x becomes 

p = x'. (65) 

Note that there is no correction from fermions. Consequently the field angular momentum also 
takes the same form as in the bosonic case, 

L ij = — I #(xV - zV) = - / dx* A dx j , (66) 



2tT J 7T _ 

proportional to the cross section area of the tube. To obtain the conserved total angular mo- 
mentum, we should add to it the spin angular momentum. The total angular momentum is then 

fi = - j dx i A dx j - ^- j>d(j) B^T ij i(>, (67) 

where T*- 7 = r^r^ is the anti-Hermitian SO(8) Lorentz generators acting on spinors, which we 
understand as being reduced from 16 x 16 to 8 x 8 and acts on positive chirality subspace. 



4.4 Quantization and entropy of near-circular supertubes 

In order to quantize the modes identified before, we now fix the remaining diffeomorphism. As 
in the previous section, let us consider a small deformation from the circular tube with radius 
R in the 1-2 plane. Then x 1 + ix 2 = R(4>)e** with \R(<j>) - R \ < R , and |a?*(0)| <C .Ro for 
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alH = 3, 4, • • • ,8. To identify the quantization conditions, we have to know the quadratic piece 
of the gauge-fixed Lagrangian. The full gauge fixed Lagrangian density becomes 



cl + c) 



r 2 



B 



af + R 2 )(\x\ 2 + R 2 + {B!f + B 



r 2 



+(£ • x + RR') 2 - 2EB{x ■ x 1 + RR') + (1 - E 2 )(\x* | 2 + R 2 + (i?') 2 ) 
-2% <jV - £(£ • x + RR') + (1 - £)(|x | 2 + R 2 + (i?') 2 )} ^ 
-2i {^dfl 2 + i? 2 ) + (E - 1){B + $■ X* + RR')} z/>V , 



(68) 



where vectors are in the six dimensional x % space. With the choice of the vector potential 
A z = t + a, the field strengths are given by E = 1 + a, B = Bo—a'. We expand this action up to 
quadratic order in a((p,t), r((p,t), x l ((j),t), ip(<j),t). The resulting quadratic Lagrangian density 
is 

?2 , o2 , „ r>2 



r Ro ■ 
C 2 = — a 

Bo 



\^a' + 2r\ + 'x ■ x' + rr' + iB^H + B ° + \r 2 + |f | 2 ) + ^-a 2 . (69) 
I -Bo J 2±? L J 2i? 



Working within the 1/4 BPS phase moduli space only, the terms of quadratic time derivative 
may be dropped since the BPS states are time- independent. 

The mode expansion for eight bosonic/fermionic fields are given as 

A z = t + a(</>, t)=t + J2 an(t)e- in * , R((/>, t) = R + r{<j>, t) = R + J2 r n (i)e~^ , 
x\^,t) = x + Y J <(t)e- i ^ , ^,t) = ^2Mt)e~ m t (70) 



with a_ n = ali, r_ n = and x % _ n = {x l n )^ . The transverse center of mass positions x l would not 
affect the following analysis, so we will neglect them. il)((/),t) and ipnS carry eight components. 
Inserting the mode expansions into ()69|) and integrating over 4> and z (for the zero mode in the 
z direction), we get the Lagrangian 



L 2 = 2itL z J2 



+ TT~( in ^r a i + 2r n)«n + inx\ ■ x n + iBoiplipn 



Introducing 



Bo Bt 



Y - Ro 
Bo 



(71) 



(72) 



the Lagrangian becomes 

oo 

L 2 = 2ttL z [»(n + l)^+^n+ + i(n - l)X+_X n _ + 2*nx+ • 'x n + 2iB ^ n ip n ] . (73) 



n=l 
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After the Dirac quantization procedure, the resulting commutation relations read 

[X m± ,Xl ± ] = 27rLz{n±1) <W , 

[x m , x^ n \ = (2n) ^ m ' n ^ >5 ' ' 

Wm ' = 2ttL z (2B ) 5m ' n ' 

with all the other commutators vanishing = 3,4, ••• ,8, m,n = 1,2, •••). Note that the 
radius r n and gauge field a n modes mix nontrivially in the commutation relation. Special 
remark for X%- is in order: The above relation is meaningless for X%—. This is natural since 
the dipole deformation of radius R(4>) is nothing but the translation of supertube along 1-2 
plane [27]. So we expect that there are true zero modes having the quadratic time derivative 
terms only for their kinetic part. 3 We are not interested in this translational zero mode. 
The conserved charges are expressed as 



Jl2 =R 2 + Y1 { 2 ' r ™| 2 " i5 o4ri2^n} , (75) 
n>0 

QoQi = i?Q + 2 E{ | r " ~ ina nj^- +n 2 \r n \ 2 + \x n \ 2 +nBo\ip n \ 2 \ , (76) 



where \A\ 2 = A^A is our ordering convention. The two charges commute, as they should. The 
first expression ((75]) determines Rq in terms of oscillators and J. Inserting this into ((TBI , we 
obtain 

QoQi-J = ^2{n(n+l)\X n+ \ 2 +n(n-l)\X n -\ 2 + 2n 2 \x n \ 2 +2nB \^ n \ 2 +iB^ n T 12 ^ . (77) 

n>0 

Here we choose a basis for the spinor ip such that iT 12 is diagonal with four ±1 eigenvalues 
with corresponding modes i(i%±, (a = 1, 2, 3, 4). Furthermore, we normalize the oscillators in the 
canonical way as follows: 

Xn± = /, r \ +n Fw± > f " = To f o \ c± = /o rWr *^ (78) 

v / 2vrL 2 (n±l) ^2-KL z (2n) v / 2irL z {2B ) 

with n > 0. The new oscillators satisfy the commutation relations [5^,±,^±] = [UniVn] = 
{^"-t, ^n±} = 1- Then we can rewrite (|77|l as 

n>0 ^ ^ 



n>0 U=l a=l 



(79) 



In the gravity description, this mode is like the freedom of translating black holes or supertubes. 
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where the last expression contains 8 classes of bosonic number operators (I = 1, 2, • • • ,8) 
and 4 classes of fermionic number operators N"± with ± spins. 2ttL z {QqQ\ — J) may take 
half-integer eigenvalues. 

The entropy can be counted by considering the generating function tr (uj 2N ) = Y^=o d n ^ n 
where N is the number operator (|79|l. and obtaining the degeneracy d n with | = 2ttL z (QqQi — J) 
being a large half-integer. One has 



-8 



tr (uj 2N ) 



2m\ 



uJ 



2»7i+l 



,2m-lx 



\m=l / \m=l 

The saddle-point evaluation of the degeneracy 

1 



\m=l 



du- 



tr (uj 



2N\ 



UJ 



n+1 



(80) 



(81) 



requires the behavior of the functions f±{z) = n^_i (1 ± z n ) near z ~ 1 . Up to the prefactors 
that we do not need, we have 



/ + (z) ~ exp 



7T - 



1 



121- z 



/_ (z) ~ exp 



7T 



1 



6 1 



(82) 



We also note that, as long as we are interested in saddle point evaluation for large 2ttL z {QqQ\ 
J), we may regard u> 2nzizl in 1)80)1 as u> 2n . Using the above formulae and noting that logo; i 
— (1— u>) for cj rs 1~, one can see that (|HJ gets dominant contributions near log uj rj ~ ^ 12^ j r} 1 



— , where cb = 8 and cp = 4 denotes boson/fermion contributions, respectively. The result 



is 



d„ 



exp 



27TW (c B + c F 



n 
12 



exp [27T\/n] , (cb = 2cp 



(83) 



up to the prefactor, which is a suitable power of n. Inserting n = AitL z {QqQi — J), we get the 
final expression for the supertube entropy 



(84) 



5 = log(d n ) = 47T V / 7rL 2 (Q Qi - J) ■ 

As expected, this is y/cB + cf = vl2 times the entropy l)12)l from one boson. 

One may consider more general case of the multiple circular supertubes carrying 50(8) 
Cartans J a = J2a-i,2a for a = 1,2,3,4. The relevant background is described by 

X2a-1 + lX2a = Ra^ (85) 

with 

4 



a=l 



The corresponding angular momentum becomes J a = T2R 2 . Repeating the above analysis, one 
may get straightforwardly 



5 = 4vr 

in an appropriate near circular limit. 



nL z ^Oo0i - i^°U 



(87) 
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5 Microstates in Supermembrane Picture 



In this section we derive the entropy of supertube with charges Q\, Qq and angular momentum 
J a (a = 1, • • • ,4) from the 11-dimensional M-theory point of view including the contribution 
from bosons and fermions. We study equations of motion for a supermembrane with winding 
number and momentum along the 11-th direction, which preserves 1/4 supersymmetry. This 
approach gives a simple derivation of BPS equations because fields on the supermembrane are 
only 11 bosons X M = (t, z, x i [i = 1, • • • , 8),^) and a Maj or ana fermion O, which denote the 
embedding of the supermembrane into the superspace. 

Let us investigate BPS equations for the supermembrane. These are obtained by analyzing 
the Killing spinor equations of [HHl 

5X M = ieT M Q + ier M (i + T)k = 0, 

§e = e + (i + r)/c = o, 

where T M are 11-dimensional gamma matrices, and T is defined as 

1 



3\y/-detP[G(X M ,G)] 



e a ^9 a n^lP w <9 c lP v r iM 7V. (89) 



ab 

Here P[G(X M , 0)] a & is the induced metric on the world- volume, and Tl M are super invariant 
1-forms, H M = dX M — iQT M dQ. Note that T satisfies T 2 = 1 and trT = 0. By using the former 
property, k can be eliminated and the Killing spinor equations simply become 

Gr M e = 0, (90) 
(l-r)e = 0. (91) 

Since we are considering the supermembrane which corresponds to the supertube, the solution 
should be 1/4 super symmetric [T2] : 

e= i + r^i + r v (92) 

where eo is an arbitrary Majorana spinor. 

We then find that Eq. (J5DJ) has the solution (jUJ iff 

e= 1 " 2 r ^ 1+ 2 r ^ Qo. 03) 

where 0o is an arbitrary Majorana spinor. We see that has 8 real components. It is easy to 
verify the following relations: 

Qr z e = ere = er^e = er^e = er^e = zv A e = o, 

r*e = r^e = r z ^e = r tz e. (94) 
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Next we consider Eq. (|91|) . The world- volume coordinates on the super membrane are iden- 
tified with (r, cf), z), and we assume that x l , x^ and depend only on r and <fi. Then the super 
invariant 1-forms IL M are expressed as 

n M = ti M dT + n M '#, (M = t, », ii), 

IT = dz + tl z dr + n z/ #, (95) 

where li M = X M - i0r M and n M ' = X M ' - i®T M Q'. Notations X and X' represent and 
respectively. Then T is written as 

r = ^{(ri'n l/ -n*Tr)r fc + (niir'-ni'n*)^ + (tftf'-rtn*')^ + rrrp%,}, (96) 
v / x = ^/-(-n* 2 + ri i2 + ri^)(-n* /2 + n i/2 + n^ 2 ) + (-rpn^ + rp'm' + iiW) 2 , 

where we have defined the volume factor \[X. From these equations, we find that Eq. (|92j) 
becomes the solution of (|91|) when 

fr = fc if', ri* - fcif ' = - hi*' , (97) 

where k is a constant. Later we set k = — 1. Therefore the BPS equations of the supermembrane 
corresponding to the supertube are given by (|9"3|) and (|97jl. 

Now that we have obtained the BPS equations which minimize the energy of the superme- 
mbrane, our next task is to derive conditions to fix two charges Q\, Qq and angular momenta. 
The two charges are winding number and momentum along the direction, so the conditions 
are written as 



/7T 
d(f>R n p\ 



Jy = — <f #(^V - x j p i - lSr ij @), (98) 

where Rn is the radius of the 11th circle, and p\, and S a are the conjugate momenta to x^ and 
0°, respectively. Note that 2ttQ\ and Q$L Z are integers. From now on we identify r and with 
i = 2ttQiRiit and = 2ttQiRii(/), respectively. With this choice, the first equation in l|98jl is 
trivially satisfied. 

To explicitly write down the other conditions, we need the conjugate momenta. These are 
calculated from the supermembrane action: 

5 NG = -T 2 J dTd<j)dzVx, (99) 
Swz = T 2 j drd<f>dz(ix* , Qr t Q - + iter*®') . 
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We have reduced the degrees of freedom of by using 1)93(1 . and assumed the same ansatz as 
()95|) . By imposing the BPS condition (|97[). the conjugate momenta are given by 



p« = -T 2 x* , (100) 

^ = _ 2iT 2 er'e', (101) 



5 = 2iT 2 x* er*. (102) 

The conditions for fixing charges and angular momenta are then written as 
QiQo 



To 



?2 27T / 

where a = 1,2,3, 4 labels the SO (8) Cartans. These are the constraints obtained by fixing Qi, 
Qo and angular momenta. 

Now let us consider the quantization of x l and G. From the BPS equations (d T + d^)x l = 0, 
x l contain only right moving modes, 

x\t, cP)=4+ ^— (t - <t>) + ; 1 Y ^M x i e -im(r-4>) , (1Q4) 
v Y> 2ttL z T 2 v ^ V^TaL, ^ m m V 7 

Since x l and p l are related as (jlUOf) , we need the Dirac quantization of the constrained system. 
After some calculations, we obtain the commutation relations [x l (^),p J ((/>')] = ^nr^^i'P ~ <j>')i 
and hence 

[x i m ,x^]=6 ij S mn . (105) 

The Majorana fermion is also treated similarly. From the equations of motion obtained by 
(jSH) and BPS equations (|97j). we only need the right moving modes and @ a (a = 1, • • • ,8) are 
expanded as 

e a = 1 Ve mtte - im ' T -^. (loe) 

v/87rT 2 s^L z V 

Since Q and S 1 " are related as (|102j) , after the calculation of Dirac brackets we obtain {Q a , S 13 } = 
2j^5aS(4> — 4>'), and hence 

{e mQ ,af} = s^s mn , (107) 

where 9+ = -i@ T C~ 1 r t . 

After the quantization, the constraints (|103|) reduce to 



8 oo 8 oo 



2irL z Q Q l = ^ ^ mx m x m + m0 m ™«' 

i=l m=l a=l m=l 

x S x ^ 

2ltL z J a = i ^ ^ (x m — X m X m ^ — i ^ ] ^ ] ^ m ' ®ma> (108) 



2 

m=l a=l m=l 
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Note that 2ttL z QqQi is an integer. The volume of the phase moduli space is obtained exactly 
by counting the configurations of x l and a which satisfy the above constraints. 
We choose the spinor eigen basis digonalizing ir 2 ^ 1 - 26 (b = 1,2,3). One has 

iT 26 - 1 ' 26 e ni? =8 6 e n ,?, (109) 

where s = (s\, S2, S3) with Sb = ±1. Since ]~Ia=i r 2a ^ 1,2a @n,s = n ,s, the eigenvalue S4 of ir 78 is 
given by sis 2 S3- 

The combination of the constraints in ()108[) give 

N = 2nL z (Q Q 1 -Y / Ja) 

a 

°° f 4 1 4 1 

E { E (( m + ^Aw, + (m - l)St m Bam) + Yl ( m + ^) 9 ^ 0m 4' (U0) 

m=l ^ a=l s a=l ^ 



m 

where we have defined 



~~ ^(^m ^^ X m)i B am — ^—{x m i x m )i (HI) 



^_ (x m + i X m ) , -Bam — 

[^4am,^4 om ] = dab, [-Bam, = $ab- 

The second constraint in ()1U8|) is written as 

E (BlrnBam ~ -^ am A am ) ~ r ^ ^ ^©^©ms = 2ltL z J a . (H2) 
m=l s m=l 

We can consider this determines B a \ mode which is absent from (jllOj) . Thus the number of 
microstates can be counted by taking only the constraint (jllOj) into account. 

We consider the case N S> 1. As in the previous sections, let us compute the partition 
function 



G(w) = tiw N = J2d n w n 



n=0 



2(l + u;- 1 )(l-u;) 4 ^ (1 + 
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(1 + w)(l + w 2 ) fl (1-w 



w 



m\8 



■ ,m\8 



m=l 



(l- w )4(l + w -i)^ (Q,r) 

2 3 (l + w)(l + w 2 ) rj 12 (r) 

(l-wfil + w- 1 ) ( In un 4^(0,-1/7-) 



2 3 (1 + w)(l + w 2 ) V 2?r J t] 12 (-1/t) 
where we have used the eta function defined in Eq. (|34() and 



(113) 



i?io(0, r) = 2wl ]J (1 - w m )(l + w™) 2 , 

m=l 

oo 

^oi (0, r) = J] (1 - w m )(l - w™- 1 / 2 ) 2 , (114) 



m=l 
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with w = e 2mT , and the modular transformations of the eta (|35|) and 

0io(O,-l/r) = A/ = <r^oi(0,r). 

The result Q113J) gives the asymptotic formula 

log wr 



G(w) 



2tt 



exp 



2tt z 
log w 



(115) 



(116) 



for w ~ 1 . The saddle point approximation enables us to derive the final result for the 
degeneracy for N = n as 

G(w) 



1 

2vri 



w 



n+l 



dw ~ e 



27iV2n 



In this way we obtain the entropy 

S = log (i^v ~ 47T 



ttL z QoQi 




(117) 



(118) 



in agreement with (|87|). 

We would like to emphasize that we have not used the near circular condition (QoQi — 
J)/ J <C 1 anywhere for the evaluation of the entropy in this section. So the entropy formula 
(|118|) will be valid beyond the near circular limit. Let us confirm this for the case of = and 
J a = (a = 2, 3, 4) for simplicity. The expectation value of the radius squared is given by 



R 1 



1 

2^ 



Ixl 2 



1 



oo 4 
m=l a=l 



- 4t 4 



rn 



'am^ara 



(119) 



As discussed in the introduction, we need to have Rs <C R for the validity of our counting of 
microstates. The value (j!19j) of R should be estimated under the constraints ()1U8|) or (|11U|) and 
()112jl . The constraint ()112j) tells us that we must excite certain amount of B am and A am , and R 
is smaller if those with larger m are excited, but there is an upper limit on possible m from the 
first equation in (|l(J8j) . We thus find that the minimum of R is attained when we excite 2ttL z J\ 
of B lm for m ~ QoQi/Ji, giving 



R 



Ji 



QoQi 



(120) 



Thus, as long as Ji/QoQi is not very small, Rs <C R can be satisfied for large J\ and therefore 
the entropy formula <\U8\i is valid. 



6 Conclusions 

In this paper we have presented two approaches to the counting of the number of microstates 
for supertubes specified by the Fl and DO charges and angular momenta, and derived consistent 
entropy formula. 
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There are corresponding supergravity microstates and, thus, we count the degeneracy of the 
geometries with the asymptotic geometry and charges fixed. The correspondence demonstrates 
the existence of the quantized microstates specified by the distinguishable supergravity fields. 
Thus although we do not know how to do precisely, there must be a clear way to sum over 
geometries with an appropriate measure. This has been suspected in many cases including the 
thermal AdS/CFT correspondence |37| . where one has competing contributions from the AdS 
Schwarzschild black hole and the Euclidean AdS geometry of temporal circle size related to the 
inverse temperature. 

Indeed the related black hole entropy may be understood from the microstates. Since the 
horizon area of the supergravity supertubes are zero in any cases, the situation here is rather 
confusing. However, the proposal of Sen jHH] may be applied and the stretched horizon area of 
the rotationally symmetric solution may be shown to agree to the entropy |32j . 

The situation of D1-D5-P [H] which is related to F1-D0-D4 by a U-duality is different. [Dl 
(5)-D5 (56789)-P (5) where the numbers in the parenthesis represent momentum direction or 
extending directions, is related to Fl (5)-D0-D4 (6789) by the successive transformations of S, 
T5, S, T56789.] The rotationally symmetric black hole solution of D1-D5-P has a nonvanishing 
horizon area and the corresponding entropy can be explained by the CFT counting 40 . 

When we add J\i angular momentum to the Fl (5)-D0-D4 (6789)-D2 (5#i2), the configura- 
tion describes the supertubes intersecting with D4-branes, which preserve four real supersym- 
metries. By the same U-duality transformation, the above is related to the Dl (5)-D5 (56789)-P 
(5)-KK5 (6789#i2) |31| where Q\2 represents that the KK monopole or the D2 form a curve in 
the (12) plane. Similarly J34 may be added too. 

Since the supertube ending on D4 in Refs. El OH has angular momenta in (6789) 

plane only, e.g. Fl (5)-D0-D4 (6789)-D2 (59qj), the above configurations of the curve in (1234) 
plane are different in their expansion directions of D2 and have not been found in the field theory 
description. 

Considering the supertubes suspended between two D4-branes of large separations, the cor- 
responding entropy is expected as S = ^=\/ttL(QoQi — ^ | J|), where the sum is over the 50(4) 
Cartans in (6789) plane. The curve cannot escape to the (1234) plane because the supertube 
ends on D4-branes. Thus only four arbitrary bosonic fluctuations remain. Furthermore they 
preserve four real supersymmetries and the number of arbitrary fermionic fluctuations should 
be reduced to four. Hence one has the l/y/2 factors. (The half factor for the numbers of degrees 
goes inside of the square root.) 

For many D4-branes, the above formula would have a straightforward generalization. For 
the supertubes connecting D4-branes, one may have in principle five independent charges; DO, 
Fl, D4 and two Cartans of the angular momenta. 

For these cases, one has clean examples of the gravity microstates, black hole solutions 
whose horizon area reproduces the entropy, and the corresponding filed theory description of 
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the microstates. But the detailed and complete construction awaits more endeavors. 

Finally, the formula for the cross sectional area A ~ g s £^NoNx in Q is reminiscent of the 
quantum foam in Ref. Since the counting and the partition function may be also related 
to the black hole partition function [12], there seems to be some connections of the microstates 
to the quantum foam in Ref. |41j . Any clue in this direction will be very interesting. 
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